


The Potts model

We have seen that the Ising model is a 2-states modet,
and its generalisation to spin- variables , for exemple
the Blume-Capel and the Blume-Emery-Griffiths
models are 3-state systems.

The natural generalisation is the so-called "Potts model".

In the Potts model each site is occupied by or variable that

can take a different variables. Neighboring site then

interact with strengths that depend on the states of the two

variables.

In its simplest form ,
the Potts model is :

h a field that
H = -3 Seri,j-h Si, breaks permutation

symmetry

where wi = 0, ...., 9-1
and Soi

,

e;
is the

Kroenker's delta
.

What is the physics of this model ?



We use a mean-field approach ,
which is

a good way
to approach a new model (of course you can also

approach them computationally , for example using
Monte Carlo techniques) .

We recall that one way
to do mean-field is

by writing the free-energy in terms of probabilities :

F =
u - TS

with

v = 2 H([eib) P(rib)
heil

S = -ki[ P((wib) In P(40ib)
Leis

Then mean-field means forgetting about correlations :

↑ ((ib) = Pei)

and

u = z(-3 So-2[doPh() =

Edi]

= -Phen)P(p)-Pl



Then we can sum over all possible values of each variable

that is not i or j for the interaction and not i

for the field. We obtain

U = - ]P(epi) -P
We then assume that there is translational invariance :

Pi(di) = p(ai) Fi

and we obtain

= -EnP(e) - hNp(d)

We look for a phase transition where
,

above a given

temperature
,
all states are equiprobable ,

and below it

one of then
, say

0
,
dominates.

then we define an order parameters such that

Po= (1 + (q - 1)s)

Pe = & (1 - 3) 1 = 1, . .

., 9-1



then pe= C = 0
...., 9

- 1When s = a

Pe = = l= 1, .., 9-1while s = 1 then Po = 1

The entropy is

S = -kiP()P(

= - ↳ZPrPi

=- Puler) [Pileilupid)]

= - ki Win PildilePildi)
= -KaNposhpla

At last the free-energy is

F
=N(-) + (a - 1)s) + (1 - s) (a- 1)] +

I
extensivea - h(2 + (a - 1)s)) + byT((n +(-s)h(i +(- 1s) +

+ (1 - s)h(c - s)]]



Let's see what are the first terms of an expansion

for small :

· f=(9NegativeP

/T
while for - I we have

&f= -st-h + lg with positive o derivative

Graphically :

f a T- N There is a second
!

but if itsminimum
,↓ hig free is highesenergy

I↓· Transitione
then the one in Sie,

X the so is the
-

equilibrium starte↑its Franzione
I

I
S

As temperature decreases
,
the free energy of the second

minimum also decreases and at some point it becomes

to the one of the minimum in 50



At even lower temperatures ,
the second minimum has

an even lower free energy ,
and the system switches

abruptly the order parameter , from O to a finite

value : it is a first order phase
Fansition !
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the only case when this does not happen is g = z
, because

in this case the cubic term disappears and we are left

with a simple picture of a secondeider phaseEansition.


